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We will study the torsion of p-ramiﬁed Iwasawa modules of the
Z2p-extension over imaginary quadratic ﬁelds k. In this article, we
prove that the torsion is trivial except for one case under the
assumption that the prime p does not divide the class number of k.
We also study generalized Greenberg’s conjecture for the prime 2
and imaginary quadratic ﬁelds.
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1. Introduction
Let p be a prime number and k a ﬁnite extension of the rational number ﬁeld Q. All number
ﬁelds in this article are assumed to be subﬁelds of a ﬁxed algebraic closure of Q. Let k(d)/k be a
Zdp-extension, a Galois extension whose Galois group is isomorphic to d-copies of the additive group
of p-adic integers Zp . Let Yk(d) and Xk(d) be Galois groups of the maximal everywhere unramiﬁed pro-p
abelian extension Lk(d) /k
(d) and the maximal pro-p abelian extension unramiﬁed outside all primes lying
above p Mk(d) /k
(d) , respectively. By class ﬁeld theory, Yk(d) can also deﬁne to be the projective limit
Yk(d) = lim←−k⊆F⊆k(d), [F :k]<∞ AF with respect to the norm maps, AF being the p-primary part of the
ideal class group of F . Then the complete group ring Λk(d)/k = ZpGal(k(d)/k) acts on Yk(d) and Xk(d)
in natural way. The following theorem shown in [5] and [7] is a generalization of the results of [13]
and [14] (for the module Xk(d) , more general result had been obtained in [18]).
Theorem A.
(1) Yk(d) is a ﬁnitely generated Λk(d)/k-torsion Λk(d)/k-module.
(2) Let k be an abelian ﬁeld and r2(k) the number of complex primes of k.
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contains no non-trivial pseudo-null Λk(d)/k-submodule.
Here, a Λk(d)/k-module M is called pseudo-null if there are two relatively prime elements f , g ∈
Λk(d)/k such that f M = gM = 0. Let k˜ be the composite of all Zp-extensions of k. Then Gal(k˜/k) 
Z
r2(k)+1
p if k is an abelian ﬁeld. (In general, one sees that Gal(k˜/k)  Zdp with r2(k) + 1 d  [k : Q].
Further, Leopoldt’s conjecture implies that Gal(k˜/k)  Zr2(k)+1p .) As observed by Greenberg, there is no
example of a number ﬁeld k with r2(k) = 0 such that TorΛk˜/k Xk˜ = 0, here TorΛk˜/k Xk˜ is the submodule
of Xk˜ which consists of all Λk˜/k-torsion elements. This observation seems interesting in algebraic
number theory, so we would like to raise here the following question:
Question.When k is not totally real (i.e., r2(k) = 0), is the torsion submodule TorΛk˜/k Xk˜ of Xk˜ always trivial?
If k is a totally real abelian ﬁeld, then k˜ is the cyclotomic Zp-extension by the validity of Leopoldt’s
conjecture for abelian ﬁelds (see [1]), and it is well known in Iwasawa theory that TorΛk˜/k Xk˜ can be
non-trivial. Hence the diﬃculty of the above question lies in the condition r2(k) = 0. In this article, by
using the theory of Zp-extensions, we will give a partial result to the above question for imaginary
quadratic ﬁelds as follows:
Theorem 1. Let p be a prime number and k = Q(√−m) an imaginary quadratic ﬁeld with a positive square-
free integer m. Suppose that the prime number p does not divide the class number hk of k.
(1) If p = 3, then TorΛk˜/k Xk˜ = 0.
(2) If p = 3 and m ≡ 3 mod 9, then TorΛk˜/k Xk˜ = 0.
On the proof of this result, the diﬃculty lies in the cases where p = 2. In this article we mainly
deal with the case where p = 2.
For the module Yk˜ , it is conjectured that Yk˜ is always a pseudo-null Λk˜/k-module for any prime
number p and any ﬁnite extension k/Q (see [8]). This conjecture is called Generalized Greenberg’s
Conjecture (for short we say GGC). As same as usual Greenberg’s conjecture (see [6]), no counter-
example for GGC is known yet. In addition there are only a few results concerning GGC when k is not
totally real. Minardi showed that if k is an imaginary quadratic ﬁeld and p  hk , then GGC holds for p
and k (see [16]). By the way, there is a connection between our question and GGC. If the base ﬁeld k
contains all 2p-th roots of unity, then the torsion freeness of Xk˜ is equivalent to GGC, that is a result
in [15]. As an application to Proposition 2 (which is the key step in the proof of Theorem 1), we also
get:
Corollary 1. Let k = Q(√−m) be an imaginary quadratic ﬁeld with a positive square-free integer m and
let p = 2. Suppose that #YQ(√m)∞ < ∞, m ≡ 1,2,7,9,15 mod 16 and
√−1 ∈ k˜. Then Yk˜ is a pseudo-null
Λk˜/k-module.
Corollary 1 is interesting, because it asserts that the usual Greenberg’s conjecture for Q(
√
m)
sometimes imply the generalized one for Q(
√−m). This essentially comes from a mirror-type re-
lation at the level of their cyclotomic Zp-extensions (see Proposition 2). For the prime 2, when
k = Q(√−pq) with prime numbers p and q satisfying p ≡ 1, q ≡ 3 mod 8 and ( pq ) = −1, we can
see that
√−1 ∈ k˜, which is dealt with in [11] as an example. We must mention here that almost
cases of Corollary 1 is a part of Itoh’s results which had been used another methods. He also gave
many examples of imaginary quadratic ﬁelds in which GGC holds in the case of p = 2 (see [11]). After
that he informed the author that he also gave a proof of Corollary 1 by his original way. The author
would like to express his thanks to Doctor Tsuyoshi Itoh for pointing out on this application to GGC.
1958 S. Fujii / Journal of Number Theory 129 (2009) 1956–1964Erratum. On the article [4], the author has not justiﬁed that f ∈ Ker(GK → Gk). The author would like
to express his thanks to Professor Thong Nguyen Quang Do and Doctor David Vauclair for informing
the author that the proof of Theorem 1 of [4] is not correct.
2. Proof of Theorem 1
First, we give a suﬃcient condition of the freeness of Xk˜ as Λk˜/k-module for imaginary quadratic
ﬁelds k. This will prove Theorem 1 except for one case. Let p be a prime number and k = Q(√−m) an
imaginary quadratic ﬁeld with a positive square-free integer m. We shall prove the following though
the proof is easy.
Proposition 1. Suppose one of the following ﬁve conditions:
(1) p = 2 and m = 1 or 2.
(2) p = 2 and m is a prime number with m ≡ 3 mod 8.
(3) p = 3 and m = 3.
(4) p = 3, m ≡ 3 mod 9 and 3  hk.
(5) p  5 and p  hk.
Then Xk˜  Λk˜/k. In particular, for the above prime numbers p and imaginary quadratic ﬁelds k, we have
TorΛk˜/k Xk˜ = 0.
Proof. Let k(1)/k be a Zp-extension. By Theorem A, ﬁrst we remark that Xk˜ (resp. Xk(1) ) is a free
Λk˜/k- (resp. Λk(1)/k-) module if and only if is cyclic over Λk˜/k (resp. Λk(1)/k). Let Mk/k be the maximal
abelian pro-p extension unramiﬁed outside all primes lying above p. By genus theory, if one of the
conditions (1) and (2) holds, then hk is odd. Thus, our assumptions imply that in any case, p  hk ,
so that Gal(Mk/k) is entirely described by local class ﬁeld theory (see Corollary 13.6 of [20]). As one
easily checks, this gives Gal(Mk/k)  Z2p . Let γ1 be a topological generator of Gal(k(1)/k). By seeing
the exact sequence
0−→ Xk(1) /(γ1 − 1)Xk(1) −→ Gal(Mk/k) −→ Gal
(
k(1)/k
)−→ 0
we ﬁnd that Xk(1) is a cyclic Λk(1)/k-module by Nakayama’s lemma, and hence Xk(1)  Λk(1)/k . Let γ2
be a topological generator of Gal(k˜/k(1)). Then there is an exact sequence of Λk(1)/k-modules:
0−→ Xk˜/(γ2 − 1)Xk˜ −→ Xk(1) −→ Gal
(
k˜/k(1)
)−→ 0,
here note that Gal(k˜/k(1))  Zp as Λk(1)/k-modules with trivial Gal(k(1)/k)-actions. Since Xk(1) 
Λk(1)/k , we ﬁnd that Xk˜/(γ2 −1)Xk˜ = (γ1 −1)Λk(1)  Λk(1) . This shows that Xk˜ is a cyclic Λk˜/k-module
by Nakayama’s lemma. We conclude that Xk˜  Λk˜/k . 
Remark. (1) One can characterize all imaginary quadratic ﬁelds k such that Xk(1)  Λk(1)/k in terms of
ideal class groups, but we omit this here. The freeness of Xk(1) over Λk(1)/k is equivalent to that k is
p-rational in the sense of [15].
(2) By Dirichlet’s theorem, there exist inﬁnitely many prime numbers m with m ≡ 3 mod 8. It
follows from the result in [10] that there exist inﬁnitely many positive square-free integers m such
that m ≡ 3 mod 9 and that 3  hk . For an odd prime number p which is greater than 3, by the result
in [9], there exist inﬁnitely many positive square-free integers m with p  hk . Hence, for any prime
numbers p, there exist inﬁnitely many imaginary quadratic ﬁelds k such that Xk˜  Λk˜/k .
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have proved Theorem 1 except for one case that p = 2 and m is a prime number with m ≡ 7 mod 8.
The rest of this section, we shall discuss on this exceptional case.
In what follows, we deal with the case where p = 2 and m is a prime number with m ≡ 7 mod 8.
For this case, we ﬁnd that
dimZ/2Z Gal(Mk/k)/Gal(Mk/k)
2 = 3
since the prime number 2 splits in k. Hence Xk(1) is not isomorphic to Λk(1)/k for any Z2-extension
k(1)/k. To ﬁnish the proof, we study the torsion submodule TorΛk∞/k Xk∞ of Xk∞ of the cyclotomic
Z2-extension k∞/k. Let σ ∈ Gal(k˜/k) be a topological generator of Gal(k˜/k∞). We need the following
lemma:
Lemma 1. There is an injective morphism TorΛk˜/k Xk˜/(σ − 1)TorΛk˜/k Xk˜ ↪→ TorΛk∞/k Xk∞ .
This is a well-known fact, for example, which is stated in [7]. We prefer to prove brieﬂy this
lemma here. To show Lemma 1, we use Theorem A and a lemma of commutative algebras of below
without proving. Let {g1, g2} be a system of topological generators of Gal(k˜/k)  Z2p . Note that Λk˜/k
is isomorphic to ZpT1, T2, the formal power series ring of two variables with coeﬃcients in Zp , by
sending gi − 1 → Ti for i = 1,2.
Lemma2. For each positive integer d, letΛd = ZpT1, . . . , Td and putΛ0 = Zp . Let M be a ﬁnitely generated
Λd-module of rank r and TorΛd M the submodule of M which consists of all Λd-torsion elements. By the natu-
ral morphism, we identifyΛd/TdΛd withΛd−1 . Then rankΛd−1 M/TdM = r+rankΛd−1 TorΛd M/Td TorΛd M.
By Theorem A, one sees that rankΛk˜/k Xk˜ = rankΛk∞/k Xk∞ = r2(k) = 1. Also, since there is an exact
sequence
0−→ Xk˜/(σ − 1)Xk˜ −→ Xk∞ −→ Gal(k˜/k∞)( Zp) −→ 0,
we ﬁnd that rankΛk∞/k Xk˜/(σ − 1)Xk˜ = rankΛk∞/k Xk∞ = 1. By Lemma 2, we have
1= rankΛk∞/k Xk˜/(σ − 1)Xk˜ = 1+ rankΛk∞/k TorΛk˜/k Xk˜/(σ − 1)TorΛk˜/k Xk˜.
This implies that TorΛk˜/k Xk˜/(σ − 1)TorΛk˜/k Xk˜ is a torsion Λk∞/k-module. Further, there are injective
morphisms
TorΛk˜/k Xk˜/(σ − 1)TorΛk˜/k Xk˜ ↪→ Xk˜/(σ − 1)Xk˜ ↪→ Xk∞ ,
whence we obtain an injective morphism
TorΛk˜/k Xk˜/(σ − 1)TorΛk˜/k Xk˜ ↪→ TorΛk∞/k Xk∞ ,
so that Lemma 1 is proven.
Therefore, if we show TorΛk∞/k Xk∞ = 0, then TorΛk˜/k Xk˜ = 0 by Nakayama’s lemma.
For the cyclotomic Z2-extension F∞/F of a number ﬁeld F , denote by Fn the n-th layer of F∞/F ,
a unique intermediate ﬁeld of F∞/F with [Fn : F ] = 2n . In this article, we do not use the n-th layer Qn
of the cyclotomic Zp-extension Q∞ of Q. Hence, for a prime number p, we shall regard Qp the p-adic
number ﬁeld (e.g., Q2 is the 2-adic number ﬁeld). However, of course, Q∞ denotes the cyclotomic Zp-
extension of Q. Recall k = Q(√−m) and our assumption that m is an odd prime number with m ≡ 7
mod 8. By genus theory, we ﬁnd that 2  hQ(
√
m) since the genus ﬁeld of Q(
√
m) is Q(
√
m,
√−1).
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√
m)∞/Q is totally ramiﬁed at 2. Hence, by [12], we have AQ(√m)n = 0 for all
non-negative integer n. Hence YQ(
√
m)∞ = 0 since YQ(√m)∞  lim←− AQ(√m)n . So, combining the above
arguments, it suﬃces to show that if m ≡ 7 mod 8 (and YQ(√m)∞ = 0) then TorΛk∞/k Xk∞ = 0. This
implies that TorΛk˜/k Xk˜ = 0. Here we shall prove the following proposition.
Proposition 2. The torsion submodule TorΛk∞/k Xk∞ of Xk∞ is trivial if and only if #YQ(
√
m)∞ < ∞ and
m ≡ 1,2,9 mod 16.
Except for m ≡ 1,2,9 mod 16, the ﬁniteness of YQ(√m)∞ implies that TorΛk∞/k Xk∞ = 0, hence
TorΛk˜/k Xk˜ = 0. Remark that the condition in Proposition 2 of the ﬁniteness of YQ(√m)∞ is usual Green-
berg’s conjecture (for the prime number 2 and real quadratic ﬁelds). Many mathematicians studied
this conjecture, and there are many aﬃrmative examples in real quadratic ﬁelds for the primes 2, for
example, see [19].
Proof. Let μ2∞ be the group of all 2-power-th roots of unity and γ a topological generator of
Gal(k∞/k). Let K = k(
√−1). Then K is an abelian CM-ﬁeld of degree 4 with the maximal totally
real subﬁeld K+ = Q(√m). Let s be the number of primes of K∞ lying above 2 and E ′ the tensor
product of the 2-unit group of K∞ and Q2/Z2. For an algebraic extension F/Q, denote by DF the
subgroup of AF which consists of all classes containing a power of a prime lying above 2 and deﬁne
A′F = AF /DF , the 2-part of the 2-ideal class group of F . Then there is an exact sequence
0−→ HomZ2 (A′K∞ ,μ2∞) −→ TorΛK∞/K XK∞
−→ TorΛK∞/K HomZ2 (E ′,μ2∞) −→ 0 (1)
and is an isomorphism
TorΛK∞/K HomZ2 (E ′,μ2∞) 
(
ΛK∞/K /(γ − 5)ΛK∞/K
)s−1
(2)
of ΛK∞/K -modules (see Theorem 15 of [14]). Let χ be the Dirichlet character of k and ω the Teich-
müller character of modulo 4. We want to decompose the above modules by characters. We need the
following lemma.
Lemma 3. (See Theorem 11.3.8 of [17].) The Iwasawa μ-invariant of TorΛk∞/k Xk∞ is 0 if and only if the Iwa-
sawa μ-invariant of TorΛK∞/K XK∞ is 0.
From the theorem of Ferrero and Washington (see [3]) and the exact sequence (1), the Iwasawa
μ-invariant of TorΛK∞/K XK∞ is 0. Hence the Iwasawa μ-invariant of TorΛk∞/k Xk∞ is also 0. By Theo-
rem A, Xk∞ has no non-trivial pseudo-null submodule. In this case, a Λk∞/k-module is pseudo-null if
and only if is ﬁnite. By Lemma 3, TorΛk∞/k Xk∞ is a ﬁnitely generated free Z2-module. Hence we ﬁnd
that TorΛk∞/k Xk∞ is trivial if and only if (TorΛk∞/k Xk∞) ⊗Z2 Q2 is trivial. For a number ﬁeld F , put
V F = XF ⊗Z2 Q2. Then we have the decomposition
V K∞ = V 1K∞ ⊕ V χK∞ ⊕ V ωK∞ ⊕ V
ωχ
K∞ .
of V K∞ . Where, for a Q2-valued character ψ of Gal(K/Q), we let V
ψ
K∞ = {x ∈ V K∞ | gx= ψ(g)x, ∀g ∈
Gal(K/Q)}, and 1 is the trivial character of Gal(K/Q). Let 〈 J 〉 = Gal(K/K+), J being the complex
conjugation of Gal(K/Q). For a Q2[Gal(K/K+)]-module M , let M± = {x ∈ M | J x = ±x}. Note that
V−K = V χK ⊕ V ωK .∞ ∞ ∞
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V−K∞ = Vk∞ ⊕ VQ(μ2∞ )
as Q2[Gal(K/Q)]-modules.
Proof. Put 〈τ 〉 = Gal(K/k). Then χ(τ ) = 1, χ( J ) = −1 and ωχ(τ ) = −1, ωχ( J ) = 1. By the natural
isomorphism Gal(K/Q)  Gal(K∞/Q∞), we identify these groups. Since K∞/k∞ is unramiﬁed outside
all primes lying above 2, there is an exact sequence
0−→ XK∞/(τ − 1)XK∞ −→ Xk∞ −→ Gal(K∞/k∞)( Z/2Z) −→ 0
of Z2[Gal(K/Q)]-modules. This shows that V K∞/(τ − 1)V K∞  Vk∞ as Q2[Gal(K/Q)]-modules. Let
M2∞Q∞/Q∞ be the maximal abelian pro-2 extension unramiﬁed outside all primes lying above 2 and
∞ and Mab/Q∞k∞ the ﬁxed ﬁeld of ( J − 1)Xk∞ . Then M
ab/Q∞
k∞ is the maximal abelian subextension
of Mk∞/Q∞ . Since M2∞Q∞k∞/k∞ is unramiﬁed outside all primes lying above 2, we see that M
2∞
Q∞ ⊆
Mab/Q∞k∞ . Let Iq ⊆ Gal(M
ab /Q∞
k∞ /Q∞) be the inertia group of a prime q of Q∞ . Then we have the
following exact sequence;
0−→
∑
q|m, 2
Iq −→ Gal
(
Mab/Q∞k∞ /Q∞
)−→ Gal(M2∞Q∞/Q∞)−→ 0.
(In this proof, we regard abelian Galois groups as modules. So we write additively.) Since the exten-
sions Mab /Q∞k∞ /k∞ is unramiﬁed outside all primes lying above 2, one sees that 2(
∑
q|m, 2 Iq) = 0. By
class ﬁeld theory, the Galois group of an abelian extension which is unramiﬁed outside inﬁnite primes
has exponent at most 2. Also, from the fact that Q∞ has no non-trivial 2-extension unramiﬁed outside
all primes lying above 2, Gal(M2∞Q∞/Q∞) is annihilated by 2. Hence 4Gal(M
ab /Q∞
k∞ /Q∞) = 0. Further,
from the injective morphism Xk∞/( J − 1)Xk∞ ↪→ Gal(Mab/Q∞k∞ /Q∞), we have Vk∞/( J − 1)Vk∞ = 0.
Hence
Vk∞ = V K∞/(τ − 1)V K∞
= V χK∞ ⊕ V 1K∞ ,
and
0= Vk∞/( J − 1)Vk∞
= V 1K∞ .
Therefore V χK∞ = Vk∞ . The other case is similar. 
We identify by an isomorphism ΛK∞/K with Λ = Z2T . Hence a Λ-module is also a Z2[T ]-
module. It follows from the p-adic version of the Weierstrass preparation theorem that a torsion
element of a Λ-module is also torsion over Z2[T ].
Lemma 5. Let p be a prime number and let Λ = ZpT . Let M be a ﬁnitely generated Λ-module. Then
TorQp [T ](M ⊗Zp Qp)  (TorΛ M) ⊗Zp Qp .
1962 S. Fujii / Journal of Number Theory 129 (2009) 1956–1964Proof. Since Qp is a ﬂat Zp-module, we have an injective morphism (TorΛ M) ⊗Zp Qp ↪→ M ⊗Zp Qp .
By the above remark, we sees that (TorΛ M) ⊗Zp Qp ⊆ TorQp [T ](M ⊗Zp Qp). Put F (M) = M/TorΛ M .
Now we show that F (M) ⊗Zp Qp is Qp[T ]-torsion free. Let x = α ⊗ (1/pc) ∈ F (M) ⊗Zp Qp be a
Qp[T ]-torsion element. Then there is a polynomial f (T ) ∈ Qp[T ] such that f (T )x = 0. Let g(T ) ∈
Zp[T ] be a polynomial such that f (T ) = (1/pd)g(T ) for some d  0. Then we have 0 = f (T )x =
(g(T )α)⊗ (1/pc+d). Since F (M) is Zp-torsion free, we have g(T )α = 0. Hence α = 0 or g(T ) = 0. This
shows that F (M)⊗Zp Qp is Qp[T ]-torsion free. Therefore, TorQp [T ](M ⊗Zp Qp) ⊆ (TorΛ M)⊗Zp Qp , as
required. 
By Lemma 5, we have (TorΛk∞/k Xk∞) ⊗Z2 Q2 = TorQ2[T ] Vk∞ = TorQ2[T ] V χK∞ . Also, as men-
tioned in Proposition 1, we have XQ(μ2∞ )  ΛQ(μ2∞ )/Q(√−1) . This shows that TorQ2[T ] VQ(μ2∞ ) =
TorQ2[T ] V ωK∞ = 0. Hence TorQ2[T ] Vk∞ = TorQ2[T ] V−K∞ . Let E be the tensor product of the unit group
K∞ and Q2/Z2. By the exact sequence in the page 276 of [14]
0−→ E −→ E ′ −→ DK∞ −→ 0,
the sequence
0−→ HomZ2 (DK∞ ,μ2∞) −→ HomZ2 (E ′,μ2∞)
−→ HomZ2 (E,μ2∞ ) −→ 0
is exact as ΛK∞/K [Gal(K/Q)]-modules. Here, for Z2[Gal(K/Q)]-modules M1 and M2, the action of
g ∈ Gal(K/Q) on HomZ2 (M1,M2) is deﬁned by (g f )(x) = g f (g−1x) for all f ∈ HomZ2 (M1,M2) and
x ∈ M1. Since HomZ2 (DK∞ ,μ2∞) is a torsion ΛK∞/K -module,
0−→ HomZ2 (DK∞ ,μ2∞) −→ TorΛK∞/K HomZ2 (E ′,μ2∞)
−→ TorΛK∞/K HomZ2 (E,μ2∞) −→ 0
is also an exact sequence. Since DK+∞ = 0 (corollary in Section 3 of [5]), J acts on DK∞ as the inverse
map, and hence HomZ2 (DK∞ ,μ2∞) ⊗Z2 Q2 ⊆ (HomZ2 (E ′,μ2∞) ⊗Z2 Q2)+ . Also, since the unit index
of a CM-ﬁeld is 1 or 2, J acts on HomZ2 (E,μ2∞) as the inverse. Then we have
TorQ2[T ]
(
HomZ2 (E ′,μ2∞) ⊗Z2 Q2
)+ = HomZ2 (DK∞ ,μ2∞) ⊗Z2 Q2,
TorQ2[T ]
(
HomZ2 (E ′,μ2∞) ⊗Z2 Q2
)− = TorQ2[T ](HomZ2 (E,μ2∞) ⊗Z2 Q2).
On the other hand, from the isomorphism (2), we obtain an isomorphism
TorQ2[T ] HomZ2 (E ′,μ2∞) ⊗Z2 Q2 
(
ΛK∞/K /(γ − 5)ΛK∞/K
)s−1 ⊗Z2 Q2
 Qs−12
of Q2-vector spaces.
Lemma 6.
(
TorQ2[T ] HomZ2 (E ′,μ2∞) ⊗Z2 Q2
)−  {Q2 if m ≡ 1,2,9 mod 16,
0 otherwise.
as Q2-vector spaces.
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√−1), s is 1 or 2. First, we remark that s = 1 if and only
if m ≡ 3,5,6,10,11,13 mod 16. In the range of m ≡ 1,2,7,9,14,15 mod 16, it suﬃces to show that
DK∞ = 0 if and only if m ≡ 1,2,9 mod 16. Also, DK∞ = 0 if and only if #DKn is bounded.
Let Pn be a prime of Kn lying above 2 and an the odd factor of the class number of Kn , i.e. the
class number of Kn is an#AKn . If s = 2, then the prime of Q(
√−1)n above 2 splits in Kn . This shows
that Pann Jτ (Pn)
an is a principal ideal because the class number of Q(
√−1)n is prime to 2. Hence
DKn is a cyclic group for n 1.
Suppose that m ≡ 1,2,9 mod 16. Then the prime 2 splits in K+ = Q(√m) or Q(√2m). For each
n 1, one sees that K+n = Q(
√
m)n = Q(
√
2m)n and that Kn/K+n is totally ramiﬁed at all primes lying
above 2. Let pn be the prime of K+n under Pn . Then P2n = pn . Since DK+∞ = 0, the order of DK+n is
bounded. this shows that there is an integer c such that pan2
c
n is a principal ideal for all n 0, hence
P
an2c+1
n is also principal. This shows that #DKn is bounded.
Suppose that m ≡ 7,14,15 mod 16. Then the prime 2 splits in k = Q(√−m) or Q(√−2m). As in
the above case, one sees that Q(
√−2m)n = kn for each n  1. By [2], #Dkn is not bounded. Because
Dkn is also a cyclic group, we have #DKn  #Dkn/2, so that #DKn is not bounded. 
Next we deal with the module HomZ2 (A
′
K∞ ,μ2∞)⊗Z2 Q2. As mentioned the above, we know that
DK+∞ = 0, whence the norm map NK∞/K+∞ : A′K∞ → AK+∞ is deﬁned. Put
AK∞ = Ker
(
A′K∞
N
K∞/K+∞−→ AK+∞
)
.
Then the sequence 0→ AK∞ → A′K∞ → AK+∞ → 0 is exact. Hence
0→ HomZ2 (AK+∞ ,μ2∞) → HomZ2
(
A′K∞ ,μ2∞
)→ HomZ2 (AK∞ ,μ2∞) → 0
is also exact. Since J acts on AK∞ as inverse map, we have
HomZ2 (AK∞ ,μ2∞) ⊗Z2 Q2 ⊆
(
HomZ2
(
A′K∞ ,μ2∞
)⊗Z2 Q2)+.
Similarly, J acts on AK+∞ trivially, we have
HomZ2 (AK+∞ ,μ2∞) ⊗Z2 Q2 ⊆
(
HomZ2
(
A′K∞ ,μ2∞
)⊗Z2 Q2)−.
This shows that
HomZ2 (AK+∞ ,μ2∞) ⊗Z2 Q2 =
(
HomZ2
(
A′K∞ ,μ2∞
)⊗Z2 Q2)−.
Since HomZ2 (AK+∞ ,μ2∞) is Z2-torsion free, HomZ2 (AK+∞ ,μ2∞) ⊗Z2 Q2 = 0 if and only if AK+∞ = 0,
which is equivalent to #YK+∞ < ∞. Combining the above arguments, we have proved Proposition 2. 
Remark. For odd prime numbers p and imaginary quadratic ﬁelds k = Q(√−m), one can show a
result similar to Proposition 2. Actually, there exist the following isomorphisms of Zp-modules:
TorΛk∞/k Xk∞ 
{
HomZ3 (AQ(
√
3m)∞ ,μ3∞) ⊕ Z3 if p = 3 and 3 =m ≡ 3 mod 9,
HomZp (A
ωχ
K∞ ,μp∞) otherwise.
Here, we let K is the composite of an imaginary quadratic ﬁeld k and the p-th cyclotomic ﬁeld, and ω
denotes the Teichmüller character of modulo p. Hence, except for the case where p = 3 and 3 =m ≡
3 mod 9, the ﬁniteness of YωχK implies the triviality of TorΛk /k Xk∞ , whence of TorΛ˜ Xk˜ . Therefore,∞ ∞ k/k
1964 S. Fujii / Journal of Number Theory 129 (2009) 1956–1964except for the cases that p = 2 and m ≡ 1,2,9 mod 16, and that p = 3 and 3 = m ≡ 3 mod 9,
Greenberg’s conjecture implies the triviality of TorΛk˜/k Xk˜ .
3. Proof of Corollary 1
In this section, we shall prove Corollary 1. We need the following.
Theorem B. (See Proposition 3.6 of [15].) Let p be a prime number and k a number ﬁeld which contains a
primitive 2p-th root of unity. Let k(d)/k be a Zdp-extension with k∞ ⊆ k(d) . Suppose that the Zp-rank of the
decomposition group in Gal(k(d)/k) of all primes lying above p is greater than 1. Then Yk(d) is a pseudo-null
Λk(d)/k-module if and only if TorΛk(d)/k Xk(d) = 0.
Suppose that
√−1 ∈ k˜. If the prime 2 splits in k, then √−1 /∈ k˜. Indeed, let M = k˜Gal(k˜/k)2 and
(2) = p1p2 in k with p1 = p2. If
√−1 ∈ k˜, then M = k(√−1,√2). This implies that any Z2-extension of
k is totally ramiﬁed at all primes lying above 2 since Q(
√−1,√2)/Q is totally ramiﬁed at 2. But there
is a unique Z2-extension N/k such that the prime p1 is unramiﬁed in N/k. This is a contradiction.
The congruence condition in Corollary 1 is the condition of Proposition 2 and non-splitting of the
prime 2 in k = Q(√−m). Since Gal(k˜/k(√−1)) is a subgroup of Gal(k˜/k) of index 2, so that Λk˜/k(√−1)
is regarded as a subring of Λk˜/k . It follows from our assumption #YQ(
√
m)∞ < ∞ and Proposition 2
that TorΛk˜/k Xk˜ = 0. Hence Xk˜ is also Λk˜/k(√−1)-torsion free. It follows from Theorem B and the fact
that the Z2-rank of the decomposition group of a prime of k(
√−1) lying above 2 is greater than 1
(see Lemma 3.1 of [16]) that Yk˜ is a pseudo-null Λk˜/k(
√−1)-module. Hence Yk˜ is also a pseudo-null
Λk˜/k-module by Proposition 4.A of [16].
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